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1. Introduction 

Despite decades of investigation, the quantum mechanical behaviour of gauge theories is 
not fully understood. The main challenge is of course to shed light on the low-energy 
dynamics of four- dimensional QCD. Among the questions which still lack a thorough 
theoretical description are: confinement, chiral symmetry breaking, mass gap generation, 
as well as the precise relation of asymptotic freedom to the above mentioned properties. 
One of the tools which might eventually lead to an answer to these puzzles is the AdS / CFT 
correspondence So far it has been convincingly formulated for a limited class of 
conformal field theories, among which the most important one is the Yang-Mills theory 
with = 4 supersymmetry in four dimensions. Apart from the latter, other examples 
were put forward 0, 0. It has been argued that the theory of [0 might be useful for 
condensed matter studies, however, from our point of view the main reason for an intense 
study of this theory, to which we will contribute in this paper as well, is the desire 
to understand the range of applicability of the AdS/CFT correspondence in general. 
Gradually this might lead to an understanding of the AdS/CFT correspondence "from 
the first principles of gauge theory" . 

In the present paper we will be dealing solely with the string sigma-model, so we will 
not elaborate on the precise structure of the dual gauge theory. The interested reader 
can find the details (including the Lagrangian) in the original paper [0. Nevertheless, 
we would like to mention that the dual gauge theory is a three-dimensional conformal 
theory of Chern-Simons type with A/" = 6 supersymmetry. It was conjectured in to 
be dual to the AdS4^ x CP'^ type IIA superstring theory. The conformal group in the 
three-dimensional Minkowski space is 5*0(2, 3), and the R-symmetry group of the theory 
is SU{4:), which coincides with the isometry group of the string theory AdS^ x CP^ 
background. The number of supersymmetries is the same on both sides too, being equal 
to 24 (so these theories are not maximally supersymmetric, the maximum number of real 
supercharges being 32). 

Similarly to the AdS^ x 5*^ vs. = 4 SYM case various integrability properties were 
found on both sides of the correspondence. Integrability of the two-loop scalar sector 
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was found in and refined in [Q. Subsequently an all-loop Bethe ansatz was proposed 
P, as well as the S-matrix [j^. On the string theory side, the Green-Schwarz action was 
built and the Lax pair was constructed in [Q. In this framework the so-called "off-shell" 
symmetry algebra was calculated, and in particular its central extension was shown to 
coincide with the one of the AdS^ x case 0. The pp-wave limit for this background 
was first discussed in [10|, and the worldsheet near-pp-wave properties were examined in 



rT|, |T^. There also exists a pure spinor formulation of the AdS4^ x CP^ superstring 



It has been known for a long time [|TJ] that the anomalous dimensions of operators 
of the form tr(\E'D^\E') with 5* — ?■ oo (that is, with large spin S) are of the form A = 
/(A)log(S'), where /(A) is some function of the 't Hooft coupling constant A, which in 
principle can be determined order by order in perturbation theory. In the context of the 
A/" = 4 supersymmetric Yang-Mills theory the spin 5* enters the conformal 5*0(2,4) part 
of the super conformal algebra. Hence, after the advent of the AdS / CFT correspondence 
it was realized by |]15| that the characteristic log S behaviour can be reproduced on the 



sigma model side of the correspondence by a particular classical solution of the worldsheet 
string theory in the AdS background (which we will call the GKP solution in what follows). 
Indeed, provided one takes the correspondence for granted, their solution can even explain 
this behaviour. 



If one quantizes the Green-Schwarz action of the superstring in the background of 
such a spinning string solution, one can find the spectrum of masses of the worldsheet 
particles (this problem was first solved in the AdS^ x setup in [l^). Some of them 
are massive, whereas others are massless. As emphasized by Alday and Maldacena [|T8| 
for the case of AdS^ x S^, there're certain quantities in the sigma model which receive 
the greatest contribution from the massless particles and their interactions. This is what 
we call "the worldsheet low-energy limit". Thus, it is an interesting question, what these 
massless particles are and what their interactions are in the AdS^ x CP^ case. The first 



part of the question was answered in |T9|, and here we will answer the second half. 
It turns out that there're 6 massless bosons and one Dirac fermion, their dynamics being 
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described by the following Lagrangian: 

£ = r]"'^V^Vpz^ + i"^7"P«^ + ^(^7"^)^ (1.1) 

where index j runs from 1 to 4, = — iAa, = + 2iAa and Aa is a U{1) 
gauge field without a kinetic term — it can be integrated out to provide the conventional 
Fubini-Study form of the action. Besides, in ( |1 . 1| ) the fields are restricted to lie on the 
C C^: 

Ei^'i' = i (1-2) 

The paper is organized as follows. In Section ^ we describe the spinning string classical 
solution of the sigma-model. In Section ^ we describe the coset construction of the Green- 
Schwarz action, following [§] . In Section ^ we focus on the Alday-Maldacena limit in the 
familiar case of AdS^ x S^. The discussion of Sections ^ and ^ emphasizes the reason, 
why the coset construction does not suffice for the consideration of an analogous limit 
in the present case. In Section ^ we elaborate on the construction of the full GS action 



with 32 fermions for the present case, following In Section y we explain various 

properties of the expansion around the spinning string solution. Finally, in Section ^ we 
find the low-energy limit of the expanded action, and find the sought for Lagrangian of 
the CP^ sigma model with fermions (|1 . 1|) . In the Appendix the interested reader will find 
details of the calculations. 



2. The spinning string 



The GKP solution |]15l describes a string moving in the AdS^ subspace of the entire space. 
It is due to this reason that it is meaningful in the AdS4 x <CP^ case as much as in the 
AdS^ X case. The solution is most easily described in the "global" coordinates, that is 
the coordinates which cover the whole of AdS space. It is well-known that the AdS space 
can be described as a hyperboloid embedded in the M^'^~^ space, namely (for the AdS4^ 
case) the surface 

-X^ - Xl + Xl + Xl + Xl = -R^ (2.1) 
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embedded into M^'^ with metric ds'^ = —dX^ — dXl + dX^ + dX^ + The parameter 
R is the "radius" of the AdS space and describes its curvature. If one writes Xq = 
cosh(p) cos(T), Xi = cosh(p) sin(T) and introduces spherical coordinates for X2, X^, X4^, 
the radius of the sphere being sinh(p), one obtains the global parametrization of the AdS^ 
space. The metric then obtains the following form: 

{ds'^)AdS4 = Gf^^dY^dY" = (- cosh\p)dT^ + dp^ + smh^ {p)dVl2) . (2.2) 

To consider the AdS-^ space one simply needs to change dVL2 — )■ dcj)^ . In these coordinates 
the spinning string ansatz may be written in the following form: 

T = KT, = UJT, p = p((t) (2.3) 

If one denotes by Gab = G ^ydaX^^d^X" the pull-back of the target-space metric, the 
Virasoro conditions are: 

Gab - \labl"'G,d = 0. (2.4) 

As is customary, only two of them are independent. Let us impose the conformal gauge, 
then the Virasoro conditions are Cqo + Gu = 0, Gqi = 0. The latter is trivially satisfied 
by the ansatz, whereas the former produces an equation 

p'{af - cosh2(p) + sinh2(p) cu^ = 0. (2.5) 

One can check that the equations of motion for T and (j) are satisfied identically, whereas 
the one for p{a) coincides with the a derivative of ( |2.5| ). The general solution p(cr; k,,u) 



of (|2.5| ) can be written in terms of elliptic functions. One should recall that the solution 



for the closed string is also subject to the periodicity condition 

p(cr + 2tt; k, co) = p{a; k, co), 

(which can be satisfied if one assumes that the string is folded) and this condition relates 
K to u [|15], |T6|. In the limit k — )■ 00, however, it turns out that u = k + so the solution 
simplifies drastically: 

T = KT, (j) = KT, p = ±KCX + Po (2-6) 
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The limit k — )■ cxd is called the long string limit, since, as one can see from the solution 
above, the extent of the string in AdS space becomes infinitely large. 

Solutions of the equations of motion can be classified according to the values of their 
Cartan charges, for example in this case one has^: 

E = g cosh"^ (p) T da = K g / cosh^(p) do", (2.7) 




2tt 2n 

S = gJ sinh'^ (p) (p dcr = K g J sinh^(p) da. (2.8) 



For every nontrivial solution the function T(r, cr) is non-constant, since otherwise the 
Virasoro condition Goo+Cn = would require all target-space coordinates to be constant, 
thus virtually every solution possesses the E charge. Due to this, one usually refers to a 
solution with a nonzero S charge as a one-spin solution. 

Clearly, the solution (|2.6|) has one parameter k, but it is convenient to use S{k) as a 
genuine parameter, since it has a more clear meaning. Then the target-space energy E 
becomes a function of S, so let us calculate this function. First of all, E ~ S = 2TTK,g. 
Besides, 

5* ^ Je"" (2.9) 

K—^OO 2 



It follows that 



«:^-log(-), (2.10) 
TT g 



or in other words 

E-S^2g\ogi-), (2.11) 
9 

so indeed the log(S') behaviour is reproduced. Besides, we immediately get a prediction 
that in the strong coupling limit /(A) ~ 2g. What we are interested in are the quantum 
corrections to this function — these are the 1/g corrections in the sigma model setup. 

2.1 The two-spin solution 

The two-spin solution is a generalization of the spinning string solution described above, 
which possesses two nonzero Noether charges instead of one. One of these charges is the 



is the string tension, and it is related to the 't Hooft couphng constant A via g ^ \/A. 
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same S charge, which originates from the motion in AdS space, whereas the second one, 
called J, describes motion in the CP^ part of the space. This motion is in fact very simple 
and is just rotation around a big circle 5*^ (which we will parametrize by ip) inside of CP^. 
Thus, the ansatz looks as follows: 

T = K,T, (j) = UiT, (f = U2T, p = p((t) (2-12) 

Then the nontrivial Virasoro condition gives, instead of (|2.5| ): 

p'((t)2 - cosh2(p) + sinh2(p) uf + coj = 0. (2.13) 

Once again, the solution simplifies tremendously in the limit k — )■ 00, when cui ~ k, so 

\p'ia)\ = v/;^^^. 

The charge J has the following value: 

J = 9 J ipda = 2nguj2. (2.14) 


It will be convenient for further use to introduce a parameter 

K g log(5) 
3. The coset OSP{6\4) / U{3) x 50(1,3) 

The target superspace, in which the movement of the string occurs, can in fact be described 
as a coset 05P(6|4) / f/(3) x S0{1, 3). The bosonic part of this coset is S0{6) / f/(3) x 
S'P(4) / 5*0(1,3), which in fact is the desired space 74^5*4 x CP^. Besides the bosonic 
part of the superspace, the coset includes 24 real fermions. For a simple description of a 
matrix realization of the corresponding groups the reader is referred to [§, and a review 
of similar ideas for the case of the AdS^ x string can be found in [23|. 



The coset construction of the Green-Schwarz superstring action is rather simple. The 
key to this simplicity lies in the fact that the OS'P(6|4) superalgebra possesses a Z4 group 
of automorphisms (this is a cyclic group, generated by an element which we call Q). Then, 
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suppose we take a representative g{x,6) of the coset {6 here represent the fermions, and 
X the worldsheet coordinates), and build the left-invariant current 

J = -g-Ug{x,e). (3.1) 

Then one can determine the 4 components of this current, which lie in the eigenspaces of 
the Q transformation. Let us denote them by J^''\ k = 0,1, 2, 3, and their characteristic 
property is VlJ^'^'^^l'^ = i'' J^''\ Then the action invariant under the automorphism 
(or, equivalently, under the Z4 group of automorphisms) is built uniquely in the following 
way: 

5=1 J dadr (^7"^ Str(j(2) jf) + xe"^ Str(j(i) jf)^ . (3.2) 

When X = ±1 this action possesses an important gauge symmetry, called kappa-symmetry, 
which is a fermionic gauge symmetry in the sense that the gauge parameters are anticom- 
muting. 

3.1 Expansion around the two-spin solution 

One can impose the conformal gauge and expand the coset action around the two-spin 
solution (|2.12|) and determine the spectrum of the fluctuation fields. This was done in 



1^, where the following result was obtained: when U2 = 0, all the bosonic fields 
from CP^ are massless, two of the AdS fields have masses = and = and 
the remaining two AdS fields are massless, but their contribution is supposed to cancel 
against the ghost contribution (in other words, they do not contribute to the cohomology 
of the BRST operator). As for the fermions, for a generic value of U2 the determinant of 
the fermionic quadratic form in the action was found to be: 



X 



X [kt - kl{2kl + x^) + kl{kl - ul + x')]' . (3.3) 



It follows from this expression that there are the following fermionic excitations in the 
model (counting given in terms of complex Weyl fermions, and we're using the parameter 
u introduced in ( p.l5|) ): 



2 fermions with frequency jUK + y/n^ + 
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2 fermions with frequency —jUK + \/n?~+~K? 



2 fermions with frequency a /ra^ + ^(1 + y/l + 



-n 



2\ 



2 fermions with frequency \ ii? + ^{1 — \/l + v? 



2\ 



'■n 



The spectrum in the background of the spinning string solution is obtained when 
M — > (or — > 0), and we see that the spectrum becomes relativistic in this hmit: there 
are 6 massive and 2 massless complex fermions, i.e. 12 massive and 4 massless real ones. 
However, one can then see from ( p.3|) that the quantization in the background of the 
spinning string solution, that is in the limit m — )■ 0, is no longer well-defined, since the 
determinant is zero. This corresponds to the fact that, as noted for the first time in [^, 
the kappa symmetry transformations degenerate at the quadratic level, if the background 
configuration describes motion purely in the AdS space. We would like to stress that 
this is a peculiarity of the coset construction for the AdS^ x CP^ superstring. One can 
rephrase the statement above by saying that the quadratic part of the action will contain 
terms of the form v? 'il)d±ip {d± being the light-cone derivatives), which will vanish when 
u = 0. One could be tempted to rescale the fermions ip — )■ ^ip, however it turns out that 
in this case 1/u factors would appear in front of the interaction terms. Thus, in this way 
we would merely shift the problem to a different place, and this only confirms that the 
difficulty is intrinsic to the coset formulation. 

In fact, as we have explained, the most interesting for us are the massless worldsheet 
modes, i.e. the ones which become massless in the limit m — 0. We have checked that it is 
precisely these massless fermions ip, which suffer from the problem descibed above, namely 
the quadratic action of these fermions becomes degenerate in the limit u — )■ 0. Hence, it 
seems to us that everything points out to the fact that the coset formulation is not well 
suited to this background. Therefore we will have to resort to the full Green-Schwarz 
action with 32 fermions, which was built in [^T], (see for another application of 
that construction), in order to solve our problem. 

The problem we have encountered is, in fact, connected with a singular gauge choice, 
and similar issues arise also in conventional gauge theories, as described in Appendix B. 
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4. The worldsheet low-energy limit of the AdS^ x superstring 

Here we describe the limit introduced in |]18|^. In the previous section, after quantization 
of the superstring worldsheet action in the background of the spinning string solution we 
obtained a spectrum of masses of the worldsheet particles present in the theory. This 
spectrum becomes particularly simple in the limit u 0, namely it becomes relativistic, 
and some of the particles are massless. It is this limit which was emphasized in the 
paper |T^, their main idea being as follows. One considers the partition function (or, 



equivalently, free energy) of the worldsheet theory in the background of the two-spin 
solution, regarding m as a variable parameter, which in fact is the chemical potential for one 
of the global charges of the model. The limit of small u, that is when 002 <^ k, is effectively 
the low-energy limit, and one expects the massless particles to give dominant contributions 
to the free energy, and therefore in this sense the massless particles "decouple". In the 
AfiS's X 5*^ case the only massless particles are the 5 bosons coming from the part of the 
background, so their dynamics is described by the 5*0(6) sigma model, which decouples 
from the rest of the theory in this limit. From the exact solution of the 5*0(6) model it 
is known that, in fact, its spectrum consists of 6 massive particles rather than 5 massless 
ones, however the mass gap cannot be seen in perturbation theory (m ~ e~'^^), which is 
still applicable as long as U2 ^ m. 

To be more precise, the leading contributions to the free energy in the limit m — ?■ 
look as follows: 

E oc «M (?+>'-— (a„ {loguT + ...) 1 (4.1) 



\ n=l ^ 



One can see that the power of the logarithm grows with the order of ^, which is a 



common feature of perturbation theory. The main quantitative claim of |]T8| was that in 
the AdS^ X 5*^ case the numbers a„ can be determined from the pure 50(6) sigma model. 



and it was confirmed in ||25[ up to two loops. 

In the AdS^ x 5^ case the only massless particles are bosons from 5^, and their 
interactions are determined by the 50(6) symmetry, so the model is uniquely defined 
by these properties. In the AdS^ x CP^ case there are additional massless fermions. 



am grateful to Kostya Zarembo for clarifying to me some details of this limit. 
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as we discussed above, and the amount of symmetry is not enough to determine their 
interactions uniquely. Because of that a genuine calculation is necessary, and it is carried 
out below. 



5. The full IIA superstring action in the AdS^ x CP^ background 

As explained in the previous sections, for the analysis of the action, expanded around the 
spinning string solution, one needs to use the complete type IIA Green-Schwarz super- 
string action (that is, with 32 real fermions), rather than the reduced coset formulation (in 
the AdS^ X case the coset action is the complete Green-Schwarz action — it contains 32 
fermions — and it was first built in p6|). The construction of such action is no easy task 
and for generic supergravity backgrounds it has not been carried out. However, as we will 
explain, the AdS^ x CP^ case under consideration is special, since it can be obtained by 
a dimensional reduction of the AdS4^ x S"^ solution of the eleven- dimensional supergravity 
equations of motion. One might wonder, why this would simplify anything. However, 
from the work it is known that there exists a three-dimensional world-volume action 
of a membrane, coupled to an arbitrary eleven-dimensional supergravity background (usu- 
ally this membrane is called the M2 brane). This action is quite similar to the superstring 
action in many ways, for example in the sense that it, too, possesses a local fermionic 
symmetry. It was argued in [^|, that if one compactifies a target-space coordinate and a 



world-sheet coordinate of this action simultaneously, then one obtains the Green-Schwarz 
type IIA superstring action. Thus, the remaining question is whether it is easy or not 
to build the M2 brane worldvolume action. The answer to this question depends on the 
chosen supergravity background, but in our case the task simplifies, since the AdS^ x 5*^ 
background can be described by a coset OS'P(8|4) / S0{7) x 5*0(1, 3). Indeed, its bosonic 
part is SP{A) / S0{1, 3) x S0{8) / S0{7) ^ AdS^ x S\ This strategy was pursued in the 
papers where as a result the sought for type IIA Green-Schwarz action was built. 

Here we elaborate on this construction in a, hopefully, transparent way. 

5.1 The M2 brane action and the coset OSP{8\4) / S0{7) x 50(1,3) 

In this section we describe the construction of the M2 brane three-dimensional worldvol- 
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ume action for the case of the AdS4 x S''' supergravity background. In what follows we 
will denote the membrane worldvolume coordinates as a, r and y. We remind the reader 
that the fields in the eleven-dimensional supergravity are the graviton g^^, the gravitino 
ip°' and the three-form potential "H*-^^ (the field strength being the four-form J-'^'^^ = dH^). 
In our construction we heavily exploit the 05'P(8|4) / 50(7) x 50(1,3) coset structure 
of the space. The 05'P(8|4) supergroup is very similar to the OS'P(6|4) supergroup, and 
its matrix realization is described in the Appendix |C[ To construct the explicit matrix 
realization of the coset one also needs to choose the embeddings of "the denominator" 
5*0(7) X 50(1, 3) into this supergroup. For instance, 50(7) can be embedded into 50(8) 
in different nonequivalent ways (here we mean, that the embeddings are in general not 
related by a similarity transformation). We will elaborate more on this in the Appendix 
0, however for the moment let us give a clear 

Example. One can embed 50(7) C 50(8) diagonally (that 7x7 matrix inside 

of a 8 X 8 matrix), let us denote this embedding hi : 50(7) — t- 50(8). There's another, 
"spinorial", embedding. Indeed, let 7^^, /i = 1...7 denote the real skew-symmetric seven- 
dimensional gamma-matrices ({7^,7^} = —26^'^), which have dimensionality 8. Then the 
commutators 7^^^ = |[7^, 7^^] generate the so(7) algebra inside of so(8). We denote the 
corresponding group embedding as h2. Now, hi and /i2 cannot be related by a similarity 
transformation. Indeed, let 2; be a fixed element of the so{7) algebra, such that h2{z) 
is nondegenerate, for instance we can take z = h'^^ij^'^). If there were a similarity 
transformation relating the two embeddings, it would imply that hi{z) = u h2{z) uj~^ for 
some u G 50(8). However, since hi is the diagonal embedding, det {hi{z)) = 0, whereas 
det {h2{z)) ^ 0, which leads to a contradiction. > 

We stress that the correct embedding for our purposes is the "spinorial" one, that is 
the so(7) algebra is generated by . 

The M2 brane action can be built from the bosonic and fermionic vielbeins, denoted 
by = {E°-, E"-} and E°' respectively, which in turn can be obtained in a simple way 
from the 05P(8|4) / 50(7) x 50(1,3) coset. Here the indices {a = 0...3, a = 1...7} 
refer to the ^4^54 and 5^ spaces respectively, and the index a = 1...32 numbers the 
fermionic directions. The number 32 comes from the fact that we're dealing with a single 
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Majorana spinor in eleven dimensions, which has 32 real components. If considered from 
the point of view of the representation of the ten- dimensional Lorentz group, it splits 
into two Majorana- Weyl spinors — one left-handed and one right-handed. Let g he a. 
representative of the coset. Then one can build the left-invariant current J = —g^^ dg 
and find the vielbein and connection components of this current: 

J =-g-Ug = E''Ta + E''Q^ + A''''^lab, (5.1) 

where VLab are elements of the stabilizer (denominator of the coset), Qa furnish the 
fermionic basis of the osp(8|4) algebra, and Tq are the complementary bosonic direc- 
tions, namely the directions tangent to the manifold. The current is flat by construction, 
that is its curvature vanishes: 

dJ-JAJ = 0. (5.2) 

The action, as in the superstring case, consists of two terms, which can be loosely 
called 'the metric part' and the 'Wess-Zumino part'. The action takes the following form: 

S = ^ J dadrdy {7],bE^E'' + xe'''''daX^dtX^d,XPH^np), (5.3) 

the first term being the metric part and the second term — the Wess-Zumino part'^. The 
second term is the pull-back to the worldvolume of a three-form "H = 'Hmnp dX"^ A rfX" A 
dX^. Recall that this three- form can be found from its field-strength four-form J-", and 
the latter can be expressed in terms of the vielbeins in the following way^: 

T = \e-aiuE~^ A A A + A A [Fa, T^]^ Ep A E^ A E^ . (5.4) 
8 

The first term here is the volume element of the AdS space, whereas the second term 
is intrinsically fermionic and manifestly Spin{l, 10) invariant. Note that the fermionic 
indices (a, (3) are raised and lowered using the eleven-dimensional charge conjugation 
matrix Cn. Using the Maurer-Cartan equation (^.2|) one can check that the form J-" is 
closed for a suitable value of the constant A. A closed form is locally exact, so one can find 
its potential Hhj a. standard procedure. We will follow this route in the next sections to 
build the part of the Green-Schwarz action that we need. 

^By the coordinates we mean both bosonic and fermionic ones. 

"^A is a constant. Barred indices refer to the AdS space, that is they run from to 3. 
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5.2 The Hopf fibration S"^ — t- CP'^ and the dimensional reduction 

So far we have been deaUng with the AdS4^ x S*^ solution of the eleven-dimensional super- 
gravity. However, our ultimate goal is to arrive at the AdS4^ x CP^ solution of the IIA 
supergravity in ten dimensions. This is achieved through a compactification, based on the 
Hopf fibration, so we recall what the latter looks like. There are different variants of the 
Hopf fibration, most of them originating from the tautological fiber bundle C"^^ — t- CP" 
(the one which arises naturally from the definition of the projective space). The most 
common version of the Hopf fibration arises when one restricts the total space C"+^ to the 

n+l 

unit sphere Yl — ^5 then we get vr : 5^"+^ — t- CP". The tautological bundle is a line 

i=l 

bundle (its fiber is C), so after imposing the absolute value restriction the vr fibration has 
the circle 5*^ as a fiber. The most well-known case of the Hopf fiber bundle is explained 
in the following 

Example. It is the case n = 1, i.e. it : ^ CP^ ~ S^. If we write the sphere as 

\zi\^ + \Z2\^ = 1, (5.5) 

then the map vr can be written out explicitly as tt(zi,Z2) = — = Z, and Z should be 
regarded as a stereographic coordinate on the sphere 5*^. To see what is going on more 



clearly, let us solve (15.51) in the following way: Zi = , =, Z2 = , ■ The 

metric on the sphere is the metric, induced in fiat space rfs^ = + \dz2\'^ by the 

embedding ( p. 51 ). Thus it is clear that it will be invariant under arbitrary rescalings 
yi — )■ Xyi, A G R. In other words, when regarded as a metric on the 4-space parametrized 
by yi,y2, it is degenerate. This means, of course, that we can fix a "gauge", however we 
do not want to do it for the moment. We can rewrite the metric in the following way: 

d yjdyi _ IdyiTjil'^ f . dyiVi - yjdyj^ ^ 

The first two terms constitute precisely the CP^ metric in homogeneous coordinates. Let 
us now choose the following inhomogeneous coordinates: 

1/1 = e*^ l/2 = e^^Z, (5.7) 

then the metric takes the canonical form: 

/ , On dZdZ , , , , T , dZ Z — Z dZ 

{ds^)s^ = ^i_^zzy + ~ ^ ' " ' 1 + zz • ^^-^^ 



2 uyiuyi \<^yiyi\ i .uyiyi — yi^yi \ 2 i |2 /c-«N 

[ds )s3 = — 2 — + % —2 , where p =\yi\ ■ (5.6) 
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Note that from (|5.7|) it follows that, in accordance with our discussion, Z = ^ = ^. > 

Although the space which interests us in this paper is CP^ rather than CP^, it can 
be considered in a similar way to the example, and as a result one obtains a metric on S'^ 
in the form, which exhibits the Hopf bundle in a clear way. This discussion shows, that 
the dimensional reduction of the metric can be achieved by dropping the {d ~ A)^ term 
in the metric, or getting rid of the corresponding einbein. Note also that, when fermions 
are turned on, A is interpreted as the R-R one-form A^^^ of the IIA background. As for 
the four-form J-", it can be written in the following way: 



T = JC^^^ A dip + g^^\ (5.9) 



where K,^^^ and Q^^^ do not depend on the fiber coordinate ip. Then the dimensional 



reduction (after setting (p = y, y being the third worldvolume coordinate [|28[) boils down 
to leaving the IC^^^ piece of the J-' form: dim.red.(J-') = }C^^\ One can see that, since 
dj^ = 0, it follows that d]C^^^ = dg^^^ = 0. In fact, it follows from our discussion that 
/C*-^-* is the field-strength of the (locally defined) NS-NS two-form potential B^'^\ which 
constitutes the Wess-Zumino term of the string action: /C^^-* = dB^'^\ We note in passing 
that V^'^^ = g^^^ - ^(1) A /C(3) is the R-R 4-form field-strength of the IIA background (we 
will not need it later). In this way we have determined all the ingredients of the ten- 
dimensional IIA supergravity solution from the eleven-dimensional supergravity solution. 

Since the construction we will carry out heavily relies on the 0SP{8\A) coset, we 
need to parametrize the coset in such a way which would exhibit the Hopf fiber bundle. 



similarly to |5.8| . Compared to the purely bosonic case, the main difference is that various 
reductions can be made, which preserve different amounts of supersymmetry. The correct 
one, i.e. the one we're looking for, should provide for a 0SP{6\A) symmetry group of the 
reduced background. The reductions differ by the embedding of 0SP{6\A) C OSP{8\4), 
so in the Appendix 0we explain, following |21|, |22|, that the correct one is the standard 



diagonal embedding. 
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6. Quantum corrections to the spinning string state 

6.1 The decompactification 

The Green-Schwarz action in its standard form does not allow for a simple quantization of 
the theory. This is due to the fact that the action does not contain a term quadratic in the 
fermions with no bosons, but rather terms, in which fermions are coupled to bosons. The 
quantization is possible in the background of a classical solution, if the classical solution 
makes the quadratic term of the fermions nondegenerate. As we discussed above, this 
requirement is fulfilled for the two-spin solution even in the OSP{6\4) coset formulation, 
however in the limit when the J charge vanishes this is no longer the case. It is precisely 
to overcome this difficulty that we needed to invoke the full Green-Schwarz action with 
32 fermions. Once we have built the full action, we may quantize in the background of 
the spinning string (one spin) solution ( |2.6|) in the limit k — t- oo. It will be convenient 
however to make a change of the worldsheet coordinates: 

a' = Kcr, t' = KT. (6-1) 

The important observation is that after such redefinition the only parameter which is 
changed is the length of the worldsheet circle, or the string length: L = 27ck,. In other 
words, K enters only the integration limits in the action, but not anywhere else. Since 
is a solution for k — )• oo, in this limit we achieve the decompactification of the 
worldsheet. 

6.2 The coset element for the spinning string background. 

We take the following AdS^ coset element: 

gA,s. = ei^^'-y^'^\-^''^''-^'''^ (6.2) 
When we insert the spinning string solution ( |2.6| ), it simplifies as follows: 

^?.p.„ = e^('^°-^^^^)«-e-i^('^)(^^^-^°^^) (6.3) 

The important property of this parametrization is that [iT^ — r^r^,'jr^ — T^T^] = 0, 
and it is precisely thanks to this fact that the current g~^dg only includes the derivative 
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p' = ±K, but not p (and hence not cr) itself. The latter fact is the reason why it is possible 
to determine the spectrum of quadratic fluctuations at all, and it is what makes the theory 
in this background tractable. 



6.3 The expansion 

The full coset element in the spinning string background looks as follows: 

9 = Qspin 9Ads Qcp Qe e*^' Qv, (6.4) 

where gAds describes fluctuations of the AdS fields, gcp is the CP^ coset element, ip 
is the fiber coordinate, gg and g^ are the fermionic coset elements. In particular, gg 
only includes the 24 fermions which were present in the 0SP{6\A) coset (see (|6.8| ) for 
9), whereas g^ = e"^*^^ contains the 8 additional fermions (see ( |G.3|) for v). It will be 
convenient to take the coset elements g^ds and gcp in the following form: 

gAdS = e 2 (*iO ili2jg 2 {tl2 iOil) 2 (6.5) 

9CP = 1 + + ^'f^ {WW + WW) , (6.6) 

where W = WiTi, W = WiTi, and one can find definitions of 71, Ti in Appendix 0. Note 
that the two exponents in ( |6.5| ) commute with each other, as well as with gspin of ( |6.3| ), 
which is the reason why we have chosen the parametrization in this way (as a result, the 
current J = —g^^dg will depend on z± only through their derivatives). 

We need to plug the coset element into the expression for the action of the IID 
theory ( [5.31 ), fix the kappa symmetry gauge and to determine, which of the fermions are 
massive and which are massless. One might recall however that, as determined before, 
the spectrum consists of 12 massive and just four massless fermions. Thus, let us use the 
symmetry properties of the theory as a shortcut to the result. Indeed, if one multiplies 
the coset element ( |6.4|) by an element uj G S't/(3) from the left, then we get the following: 

i^g = gspin gAds (^ gcp ^~'^) ge w"^) e"^' g^ u, (6.7) 

where u at the very right can be dropped, as it belongs to the stabilizer of the coset 
(the SU{3) generators are the Lj's of ( p.5[ - p.7l ), and, since they're linear combinations 
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of 7'^'^, it follows that SU{3) C 5*0(7)). Clearly co gcpU}~^ simply transforms the bosonic 
fields of the model, whereas uggUJ^^ transforms the fermionic 9 fields. We see that the 
transformation does not affect the f-fermions. The masses of the theory are determined 
by the quadratic part of the Lagrangian, in which the bosonic and fermionic fields clearly 
decouple. In fact, we might forget about the bosonic fields for the moment, since we 
already know their spectrum. Let us remind the reader that the matrix of 9 fermions can 
be written as follows: 



9\ 9l 9l 9\ 9l 9l^Q 
91 91 91 9\ 91 91 

-k-k-k-k-k-kQ^) 



(6.8) 



where the stars stand for complex conjugated fermions. 

The action uj ge uj~^ means, that the 9^ and 9'^ fermions (6 complex in each line) furnish 
3 + 3 representations of SU{3) each. The important point is that none of the 9 fermions 
are invariant under the SU{3), whereas all of the v fermions are. For the quadratic part of 
the action this means that the 9 and v fermions decouple. Now, a 3 or 3 representation of 
SU{3) involves 6 real fermions, so if the SU (3) symmetry can be preserved by a choice of 
the kappa symmetry gauge, this means that every 6 6'-fermions entering a single multiplet 
have the same mass. A suitable kappa symmetry gauge is the one, which sets the second 
and third lines of the 9 and v matrices to zero (from the Appendix ^ it is clear that such 
gauge is indeed admissible). This condition can be summarized as follows: 



9 = V = 0. 



(6.9) 



We know that there are just 4 massless fermions, so the SU (3) multiplets are too big for 
that, and the 9 fermions are destined to be massive. Thus, we're left with the 8 f- fermions. 
The residual kappa-symmetry should allow to eliminate 4 of them, and the remaining 4 
ones should be massless. We have checked by a direct calculation of the quadratic part 
of the action that this is indeed true. 
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7. The worldsheet low-energy limit 

In the previous section it was explained that, before the kappa symmetry gauge is imposed, 
the 9- and v-fermions decouple in the quadratic action. In fact, one can check that in the 
leading (linear) order the kappa symmetry transformations do not mix ^'s and v's. This 
is the reason, why it is possible to choose the kappa-gauge in such a way, that ^^'s and 
v's remain decoupled in the gauge-fixed quadratic action. By now we know that the 9 
fermions (meaning the ones that remain after the kappa gauge is imposed) are all massive, 
so we can safely set them to zero. Then we are left with an action depending solely on the 
bosonic fields and the v-fermions, and there will be a residual kappa symmetry of rank 4 
acting on these fields. One could certainly gauge-fix this residual symmetry as well from 
the beginning, however it is useful to check that the resulting low-energy action which we 
will obtain is independent of the kappa-symmetry gauge choice. For this reason we will 
prefer not to fix the gauge for the v-part of the kappa-symmetry. 

First of all, let us find out, how exactly this v-part of the kappa-symmetry looks like 
in the leading order. For this purpose we write out the piece, which depends on v's, of 
the quadratic part of the string action^: 

4'^ = <X - Od+{x - - - V)d-i^ - v) (7.1) 

It follows that the kappa-transformations have a very simple form: 

6x = 6^ = e,, 6ij = 6r] = e2, (7.2) 

ei^2 being two Weyl spinors. Suppose we now want to determine the low-energy limit of 
the worldsheet theory. What terms should be left from the full Green-Schwarz action in 
order to achieve this? Clearly, one should get rid of the massive fields. Besides, one should 
also drop certain interaction vertices of the massless fields (the ones that are suppressed 
by powers of some mass), since they, too, may be regarded as effectively reflecting the 
presence of massive modes (in this way, for example, the Fermi four-fermion interaction 
appears in the Standard Model after the W and Z boson fields have been integrated out 
— this interaction is suppressed by the masses of the bosons and should be dropped in the 
^The notations for the fermions are explained in Appendix 0, 'v-fermions'. 
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strict low-energy limit). In other words, all terms in the low-energy Lagrangian should 
have dimension not greater than two. In 2D the bosons w have canonical dimension 0, 
the fermions have dimension 1/2 and the derivative, clearly, has dimension 1. In this way, 
for instance, terms of the form ipi ip2 Xi d+Xi and 4'i4'2d+w d^w have dimension 3, terms 
ipi d-tp2 Xi d+X2 have dimension 4, so such terms should be dropped in the low-energy 
limit. Most of the terms which should be preserved, have dimension two: these are, for 
instance, d+wd^w, x^+X^ wd^wipip, ipipxx stc. However, a very important fact which 
should not be overlooked, is that there are terms of dimensions 1 and in the Lagrangian 
as well: the terms of dimension 1 are zv'^, z being the massive AdS fields, and the terms 
of dimension are the mass terms z^ . Hence, there's a very important qualification to 
dropping the massive fields: they can be dropped everywhere, except for these terms. 
What is the meaning of these terms or, in other words, what is the reason for their being 
present in the final Lagrangian? It turns out that these terms are precisely what is needed 
to maintain the kappa-symmetry of the low-energy Lagrangian, that is to say they provide 
the independence of the low-energy Lagrangian of the chosen kappa-gauge. One can see 
this in the following way. In the lowest order the kappa-symmetry transformations look 
similar to the case of the flat target space: 

bv = e, bz = ev (7.3) 

We will not bother writing any indices or projectors here, since this schematic exposition 



is sufficient to convey the general idea. From (7^) it follows that 



5(f'^) oc ef^, 5{z^) (X evz, 5{zv^) (x ev^ + evz. (7.4) 

Our claim is that the three terms z^, zv^ and f enter the Lagrangian in a kappa- invariant 
combination, which is allowed by the rules ( [7.41) . There's another way to make the same 



point, namely, let us integrate out the massive fields z. What we obtain as a result are 
terms of the form f [v here can mean any of the 8 different f-fields, so there are many 
ways to build v'^ terms). Then, our statement can be reformulated by saying that all the 
v'^ terms should combine into one term 

(x-0(x-0(^-^)(^-^) (7.5) 
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which is the only quartic combination of the f-fields, invariant under the transformations 
( [7.2| .) We have checked that this is indeed the case, and the reader can find the details of 
the calculation in the Appendix 0. 

Once we have checked the independence of the resulting Lagrangian of the choice of 
the kappa-symmetry gauge, we may impose the one which we find most convenient ( |6.9| ) 
to obtain the following Lagrangian (see Appendix |^ for fermion field notations): 

^ = ^ Gab{z, z) {d+Zad^Zb + d^Zad+Zb) + iix1^+X - i'V^ip) + 3 xxV'V', (7.6) 

where X = "^i + ^Xi; ip = ip2 + iX2 and the "covariant" derivatives are: 

V^ = d^+ -f^'^^ (7.7) 

Besides, Gab is the Hermitian {Gab = Gj^J Fubini-Study metric on CP^: 

^ ^ab Za Zb , 
(-^afe - I 1^ - I M I'-^J 

F j I I I 

Upon the introduction of a Dirac field ^ = the Lagrangian we have obtained 
may be cast into the form announced in the Introduction ^: 

L = r^'^^V^Vpz^ + i"*7"P«* + i(^7"^)2, (7.9) 

where index j runs from 1 to 4, Va = da — iAa, T>a = da + 2iAa and Aa is a U{1) 
gauge field without a kinetic term — it can be integrated out to provide the conventional 
Fubini-Study form of the action. Besides, in ( [7.9| ) the fields are restricted to lie on the 
S'' C C^: 

4 

J2W\' = 1 (7.10) 

Note that the Lagrangian in ( [7.9| ) is invariant under global U{1) x f/(l) transformations 
of the fermions, that is \E' — e*°\E' and \E' -> e*°'^^\E'. 

As it had been expected, we have obtained a fermionic extension of the nonlinear 
sigma- model with target space CP^. 



^The 7-matrices here are the 2D gamma-matrices, for instance, in our notations = —icr'^^j^ = 
(Ti , 7^ = (73 and 2?± = 2?o ± 2?i . They should not be confused with the 7D 7 matrices from the Appendix 
and other parts of the text. The conjugation is defined as ^' = ^'^7^. 
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8. Open problems 



We have obtained the Lagrangian ( [7 .91) for a model describing the infrared hmit of the 
worldsheet theory of the AdS^ x CP^ superstring, quantized in a certain background. This 
Lagrangian can be used to calculate certain quantitative characteristics of the model, as 
discussed in Section |[ The latter could be compared with the Bethe ansatz predictions 
(as it has been done in ||3T|| for the AdS^ x case). 



'5 

Apart from the string theory applications, the model we have obtained might be 
interesting in its own right. In the past a great deal of effort was devoted to the under- 
standing of various CP^ models, with and without supersymmetry [^2|, |3^, 34 1, since it 
was hoped they could give some insight into the infrared dynamics of QCD. These models 
are asymptotically free, however it is only the bosonic model that exhibits confinement, 
whereas models with fermions usually describe liberated U{N) solitons. In most, if not 
all, cases the quantum S-matrix of such solitons can be computed exactly. It is an inter- 
esting question, whether the model we have obtained is integrable as well. One could also 
wonder, whether there is any fundamental explanation for the 6 : 2 ratio of the bosonic 
vs. fermionic degrees of freedom. There are many questions which remain to be answered. 
We plan to address them in a subsequent publication. 
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A. The projective space 

CP^ is usually defined as the space of ratios {zi : Z2 : : z^) in C^/ {0} However, 
there are other ways to look at this space. One of them is to view CP'^ as the space of 
orthogonal complex structures in M^. Indeed, f/(3) C 0(6) is the subgroup preserving 
a given complex structure, which we denote Kq and, following choose in the form 
= Iz ® i<J2 {h is the 3x3 identity matrix). Then the Lie subalgebra u{3) C o(6) 
is described by 6 x 6 matrices, commuting with Kq. In other words, as vector spaces, 
o(6) = m(3) © V^. 

The quotient vector space W, which describes the tangent space T^J^ (tangent spaces 
are isomorphic for all x, since is a manifold), is described by skew-symmetric matrices 
(elements of o(6), that is) which anticommute with the complex structure. Indeed, we 
notice that for any a; G 0(6) the adjoint action uKqu~^ is again a complex structure. For 
oj sufficiently close to unity u = 1 + e + thus, {Kq + [e, Kq])"^ + O(e^) = —Iq. Linear 
order in e gives {Kq, [e, ii'e]} = 0. Define a map / : o(6) — > o(6) by /(a) = [a,-K'6]. Since 
Ker(/) = u(3), W is isomorphic to Im(/). One can also check that if g{b) = {Kq, b} = 0, 
then b G Im(/) = W. ^ Let us note in passing that all of the above can be summarized 
by the following exact sequence of vector space homomorphisms {i being inclusion): 

^ n(3) 4 o(6) A o(6) A M^, (A.l) 

being the vector space of symmetric matrices. 

It is easy to construct a basis in this linear space explicitly. Denoting by Ji, J2, J3 
"^In this section we follow the exposition of . 

^In fact, this choice of representatives in the quotient space becomes canonical once we adopt the 
Killing scalar product (since / is skew-symmetric with respect to this scalar product tr(a, /(c)) = 
— tr(/(a), c)). Indeed, for a £ u{3) and b E Im(/) we have tr(a6) — tr{a[c, K^]) — tr{acKQ — uKqc) = 0, 
since [a^K^] — 0). This justifies the use of the symbol V±_ for W. 
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the three generators of 0(3) in the vector 3 representation 

n 1 n\ / l\ /o 0^ 

J2 = 



10 
1 

y oy 



1 
VO -1 0/ 



(A.2) 





V-1 oy 

we get: 

\4 = Span{ Ji ®ai]J,®a^} (A. 3) 

To make contact with the notations of [§] we will write out the Tj generators used in their 
paper in terms of the basis introduced above: 



7'l,3,5 = -^1,2,3 ® 0-3, ^2,4,6 = -^1,2,3 ® O^l- 



(A.4) 



The main property which these generators exhibit and which will be important for us is 
the following: 

{Ti, T2} = {T3, T4} = {T5, Te} = 0. (A.5) 
In the body of the paper we used the following complex combinations: 

ri = i(Ti-zT2), T2 = \{T;-iT^), % = ^{T,-zT,). (A.6) 

Ti, T2 and Ts denote the conjugate combinations. 

B. The particle spectrum in different gauges: an example 

The problem we described in Section ^ is related to a singular gauge choice for a part of 
the kappa-symmetry. 

To clarify the situation we present an example from the hard core of gauge theory, 
where a similar phenomenon occurs. Namely, we will consider the Abelian f/(l) Higgs 
model with the standard Lagrangian: 



9 , 



2\2 



(B.l) 



In the above clearly cj) is the Higgs field, the covariant derivative is D^cf) = [d^ + i g A^) 
and the gauge transformations are 
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It is possible to choose the so-called "unitary" gauge, which corresponds to setting (p to 
be real. In this gauge the Lagrangian ( |B.1| ) obtains the following form: 

>Cmg,s = -\fI^ + {d,<pf + / A^<j>' - - vr (B.2) 

Now, as long as f 7^ in order to stabilize the potential V = — v'^Y one usually 
makes a shift (p = v + (p, which, among other things, produces the following quadratic 
form: 

^SLs = -\fI + {d,^r + g'v'A^ - gv' (B.3) 

In particular, for v ^ the quadratic form above is nondegenerate, its zeros describing 
the spectrum of the theory: 3 particles of mass mi = gv (which come from the gauge 
field Afj) and 1 particle of mass m2 = 'g^^'^v (which comes from the scalar Lp). One should 
thus expect that in the limit f — ?■ we would obtain 4 massless particles. However, 
in practice this limit is rather subtle, and this is due to the fact that the quadratic 
Lagrangian (|B.3|) becomes gauge- invariant in the limit f — 0, despite the fact that a 
gauge has already been chosen. This is of course an artifact of the combination of gauge 
choice and the perturbation expansion, since the gauge invariance is broken, as it should 
be, by the interaction terms that we have dropped in ( p.3|) . The same statement can be 
reformulated, if one looks at the propagator D^i, of the gauge field 

which clearly is singular of order ~ l/i;^ when 1; — > 0. Thus, the situation is similar to 
the case we are considering in this paper, since, as explained in Section H, the propagators 
of some of the fermions behave as in the ^ limit (equivalently, their quadratic 
Lagrangian is proportional to m^). 

What is the solution to this problem? According to the general logic explained above, 
we need to find a more suitable gauge, so that the quadratic part of the Lagrangian is 
nondegenerate even in the f — ?■ limit. There are many gauges at our disposal, for 
instance the Feynman gauge, in which the quadratic Lagrangian looks as follows (when 
V = 0): 

41s = ~id,A,r + \d,M' + cDc, (B.5) 
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c, c being the Faddeev-Popov ghosts. In particular the cohomology of the BRST Q 
operator in the sector consists of two states, which describe the two polarizations of 
the massless vector field. Apart from them, we also have the two massless scalar fields 
0, 0, thus the spectrum of the model indeed consists of 4 massless particles. Notice, 
however, that in this case two of these particles come from and two from 0, whereas in 
the case of the unitary gauge we had three particles from A^ and one from 0. The different 
ways of splitting the sectrum is of course a natural consequence of gauge invariance of the 
model. The important point is that both approaches give the same spectrum in the limit 
f — )■ 0, however only one of them is applicable for perturbative calculations. 

In using the quite involved construction described in the paper we have in mind the 
simple idea of choosing a proper gauge for our model. 

C. The osp{d>\A) superalgebra 

This section of the Appendix provides a matrix realization of the osp(8|4) superalgebra. 
The discussion here is in many ways parallel to the one of since the osp(6|4) algebra 
described there is very similar to the one of our interest. 

Generators of the osp(8|4) can be thought of as 4|8 x 4|8 supermatrices: 



where X and Y are bosonic matrices of dimensions 4x4 and 8x8 respectively. The 
matrix Y belongs to so(8) and, as such, is real and antisymmetric: 



The matrix X belongs to sp(4) and can be characterized by the following properties: 




(C.l) 



Y* = F, 



Y 



(C.2) 



X* = iT2X{{r2)~\ x^ = -CiXCi 



(C.3) 



As for the fermions, t] is related to "d via 



(C.4) 



and the reality property reads 



(C.5) 
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D. Embeddings S0{6) ^ 50(8) 

The purpose of this section of the Appendix is to prove that the standard diagonal em- 
bedding of OSP{6\4:) C OSP{8\4:) is the one relevant for our purposes. 

A Lie superalgebra can be decomposed into its bosonic and fermionic components 
in a standard way: C = Cq + Ci. Then, Cq is represented on £i, since [£05-^^1] C Ci. 
Thus, a natural question arises which representations arise in this way. The answer to this 



question (among others) was given by Kac For the case of the osp(8|4) superalgebra 



the corresponding fermionic module is ® sog, where sp4 and sog are the standard 
(defining) representations of the corresponding algebras. In other words, for practical 
purposes one can consider the representation in terms of 8|4 x 8|4 supermatrices: 



M=\ , (D.l) 




where A is a standard representation of sp(4) and D is the standard representation of 
so(8) ^, whereas B and C are the fermionic algebra elements, subject to natural reality 
properties (besides, C is conjugate to B, in the sense that it is uniquely determined by 
the latter). In fact, representations of both of these bosonic algebras can be conveniently 
described in terms of gamma-matrices. Let us denote by r^,yU = 0,1,2,3 the D = A 
gamma-matrices, and by 7q,, a = 1...6 (and also 77 on slightly separate grounds) the D = Q 
(respectively D = 7) gamma-matrices. They satisfy the following defining conditions: 

{r^, r J = 2r^W, V^'^ = diag(+, -, -, -) (D.2) 
{7a, 7/3} = 2rj^^l, r/(6) = diag(-, -, -, -, -, -) (D.3) 

In these signatures the F matrices may be chosen to be imaginary, and the 7 matrices may 
be chosen to be real (this is the choice of Majorana bases for both Clifford algebras^"). 
The sp(4) algebra is then generated by g] |[Fq,,F^], zFq, so all the generators are real. 



®It is well-known that SpiTi{8) has 3 different irreps of dimension 8, related by the so-called triality, 
so in this case the theorem of Kac rules out two of them, which are the chiral and anti-chiral spinorial 
ones. 

^"^Note however that throughout the paper we used a different representation of the T matrices, see 
Appendix ^ 
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The so{8) algebra is generated by standard Eij matrices (with 1 on the ij-place and — 1 
on the ji place), so (not surprisingly) it is real too. In this setup the fermions should be 
chosen real as well. 

There are different ways to represent 5*0(6) on the 8-dimensional vector space of the 
SO (8) vector representation. One of them is the standard diagonal embedding, which can 
be continued to the embedding OSP{6\4) C OS'P(8|4) in a simple way: 





^ A B 


\ 




GoSP{Q\4) — 


C D 




(D-4) 




\ 


hj 





The other representation is a faithfuP^ Spin{6) representation (and, as such, not a rep- 
resentation of 5*0(6)). It may be constructed in the following way. Let Xi...xs be the 8 
coordinates in the vector space, on which 50(8) is represented. We can form complex 
combinations — xi± ix2, etc. Then, those 50(8) transformations which correspond 
to analytic (hnear) maps of form an 5C/(4). In this way 5C/(4) = 5pm(6) is rep- 

resented irreducibly on the 8-dimensional real vector space (if one considered the vector 
space over C, the representation of 5f/(4) would split as 4 + 4). The above definition is 
equivalent to the following: one needs to choose those matrices from 50(8) which com- 
mute with a given complex structure in M^. For definitiveness we choose the simplest 
complex structure, which in our conventions is given by 77. Clearly, such matrices are 
\\la-, 7/3], 01,^ — 1...6 (as well as 77 itself, which thus extends SU{A) to ^7(4)). The latter 
can be split in two groups: the ones, which lie in 5f/(3) C 5f/(4) (we call them Lj's), and 
the ones which lie in the compliment (we call them Tj and U). These are the following: 

= 726 + 7l5, -^^2 = 735 + 746 -^3 = 7l4 - 723 (D-5) 

La = 7i6 - 725, -^5 = 736 - 745, Lq = 713 724 (D.6) 

L7 = 7l2 - 734, = 7l2 + 734 - 2756, U = 712 + 734 + 756- (D-7) 

Ti = 1/2(726-715), T2 = 1/2(735 - 746), T3 = 1/2(714 + 723) (D.8) 

T4 = 1/2(716 + 725), T5 = 1/2(736 + 745), T6 = 1/2(713 - 724) (D.9) 
^^We remind the reader that a representation r of a group ^ on a vector space V, that is a homomor- 
phism r :Q ^ GLiV), is called faithful, if r is injective. 



-28- 



In the above U is an element of SU{A) which commutes with SU{3). 

In fact, the SU{3) group, generated by L's is the same, as the SU{3) subgroup of 
the diagonal SO (6) embedding. In the notations of the paper [^, the projector Pq = 
diag(l, 1, 1, 1, 1, 1, 0, 0) leaves Lj invariant PqLiP^ = Lj, and annihilates Tj: PgTj-Pe = 0. 

In order to get the diagonal embedding in this way, one needs to project the 7- 
matrices (exactly as described in the appendix to paper |2l|): Tj = P^'jiP^, i = 1...6. 
We have chosen the Majorana gamma- matrices 7 in such a way, that these projections 
give precisely the T-matrices, defined in the paper |^ (this is a confirmation that the 
embedding has been chosen correctly). 

Once we know what the correct embedding is, we can proceed to define the Hopf fiber 
bundle. As described in in order to do this we need to represent the sphere 5*^ as 
a coset SU{4:) x U{1)/ SU{3) x f/'(l), where the 'gauge group' U'{1) is generated by the 
element U, whereas translation along the fiber is generated by 77. Note that one may 
write 

77 = ^6 + e, (D.IO) 

where e is defined in Appendix |^ and 

U = KQ-3e, (D.ll) 

so the new space is indeed produced by a twisting of the original U{1) gauge group 
generated by Kq with the new direction 0, that appears as the angle of 5*0(2) (generated 
by e) in 5*0(6) x 50(2) C 50(8), both subgroups embedded diagonally. 

As explained in Appendix dimensional reduction corresponds to dropping the 
einbein e"^ = d(f) — A, which describes the fiber. In terms of the coset, it implies an 
additional gauging of a f/(l) subgroup, generated by the fiber translations, that is by 77. 
On the other hand, as it follows from the formulas ( |D.1(J| , p.ll| ) above, gauging both U 
and 77 is the same as gauging Kq and e, and thus we return to the CP^ space, as we 
should. > 

Thus, the 05'P(8|4)/5'0(7) x 5*0(1, 3) coset element can be chosen as follows: 

^7 = ^7o5P(6|4)e^^e''^«\ (D.12) 
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Here (7osp(6|4) is the OS'P(6|4) coset element, which can be taken, for instance, from 
and schematically it looks as follows: 5'o5P{6|4) = Qbosonsh 2ifermions- are the additional 
8 fermions absent in the 05'P(6|4) coset. The matrix V\Q^ can be found in the Appendix 

m 

E. Dimensional reduction in detail 

This section of the Appendix is dedicated to the explanation of how the Kaluza-Klein 
reduction is performed in our setup. In part [tL).3| we prove that the reduction preserves 
the 0SP{Q\4) subgroup of the 05'P(8|4) isometry group of the 74^5*4 x S"^ background. 

E.l Metric term 



In this section we will follow the line of reasoning adopted in ||2^ . 

Suppose we have an IID metric which can depend on the fermions as well as on the 
bosons. This metric is subject to an important qualification — it has a linearly realized 
U(l) isometry, which we will take to be the shift 2; — )■ z + a, a being an arbitrary constant. 
Then the metric can be written in the following way: 

ds^ = gabdx^-dx^ + Badx'^dz + Cdz^ (E.l) 

Assume that the three membrane coordinates are a, r, y. Let us set z = y, then the 
pullback of the metric written above to the membrane worldvolume can be written as 
follows: 

G^pdx^'dx^ = [gabdo^x^d^x^ + Bad^x^d^z + Cd^zd^z) dx^'dx^ (E.2) 
In the above formula the indices a, (3 run from 1 to 3. Now, when a, /3 = 1, 2 we have 

Gal3 = gabdaX^'Opx' (E.3) 



When 13 = 3, 



Finally, if a = /3 = 3, we get 



Ga3 = ^Bad^x'' (E.4) 



^33 = C (E.5) 
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If we calculate the determinant of Gai3, it will of course be some function of gab,Ba,C. 
Since det (G) 7^ det (g), g cannot be regarded as the pullback of the correct lOD string 
metric. However, the following Kaluza-Klein construction cures this drawback. Indeed, 
the correct pullback hab is intoduced by the following decomposition of G (here i = 1, 2): 

o/, / hii + ^'^AiA. <l>Mi \ 
G = ' ' (E.6) 

The point of this decomposition is that now for any $, Ai the following holds true: 

det (G) = det (h) (E.7) 

Thus, the Nambu-Goto actions of the membrane and the string coincide up to a factor of 
the radius of the fiber, which we denote by r: 

J dadrdyV det G = r J da drV det h. (E.8) 

One can read off the following from ([E.6|): 



$-2/3$2 _ $4/3 _ Q^^ (E_g) 

<l>-^/\h,, + <l>^AA,) = G,j (E.ll) 

We need to express A, and, ultimately, hij from these expressions: 

$4/3 = G33 (E.12) 
A = §^^ (E.13) 

h^J = ^^{G.,-^) (E.14) 

The last line of this equation gives us the sought for pullback (to the 2D string world- 
sheet) of the lOD metric. Its determinant is equal to the determinant of G, as explained 
above. It is a general answer, independent of the representation of the vielbeins (in this 
argumentation the vielbeins are irrelevant, since from the very beginning we're dealing 
with the metric, and of course one can always choose the vielbeins in a pretty form to 
satisfy the given metric). 
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The procedure we have just explained is equivalent to writing the original metric 
( [E.l| ) in the form 

ds'^ = g^f^dx^dx'' + C{dz - Badx^Y (E.15) 

then dropping the last term and multiplying the first one by an appropriate factor of C, 
such that the determinant is unchanged. 

E.2 Wess-Zumino term 

Here we explain the technical side of the Wess-Zumino term construction. It was an- 
nounced in ( p.4|) that the Wess-Zumino term for the M2 brane action looks as follows: 

jr = ie^bcd^^ AE'^A E~' AE^ + XE'^ A [F^, Tb]^ Ep A E^ A E^ . (E.16) 
8 

The bosonic vielbeins in the above formula are normalized in a canonical way, namely so 
that the AdS^ x S''' metric is written in the form ds"^ = ti^^EaEb- 

The fermionic vielbeins i?" which enter this formula are the fermionic components of 
the supercurrent 

J = -g-' dg = E'^T, + E"Q^ + A^'n^b, (E.17) 

We will not write out the matrix form of the supergenerators Qa, since this is to a large 
extent irrelevant for our problem, but will rather deal with components of the matrix 
Q = E'^Qa- It is a supermatrix with zero bosonic components, so it has "off- diagonal" 
form. We will call its top right block B (its bottom left block B is related to it via 
B = — B^ C4) and write its matrix components as Baa, where d = 0...3 is the row number 
and a = 1...8 is the column number. 

After this preparational work we may write the term A [Ta, T^]^ Ep as follows: 

E" A [Ta, Tb^ = B^" A [T^, r^jf, B5, = B,a(Cn)^'^'^^ A [Ta, Tb]1 Q,c 

The double-index notation is very convenient for our choice of the F-matrices (see Ap- 
pendix 1^), since all of them have the form A^^Bg, and clearly {A4^Bs)'^J'^ = (^4)! (Bg)''^. 
The Cii matrix raises/lowers the indices, but the interpretation of its own indices is still 
the same: (Cn)^"'^'' = -(Cii)aa,5b = {CJ'^^)^^6'''' (the minus sign is due to the fact that 

C!, = -1). 
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The requirement of the closedness of the four-form in ( E.16 ) fixes the value of A: 



^^4 



(E.18) 



E.3 0SP{6 I 4) invariance of the lOD theory 

We mentioned above that the form ( p.l2|) of the coset provides for the 05'P(6|4) invari- 
ance of the ten-dimensional theory. That is what we're going to prove here. For simplicity 
we will consider just the CP^ part of the problem, or the 5*0(6) symmetry group. Let 
Q G 5*0(6) C 50(8) act on g{w,9,v) {w and 9,v are the bosonic and fermionic fields 
of the coset respectively) from the left, that is g' = Qg{w,6). From the properties of 
fi'05P(6|4) it follows that we can write 

g' = gosPimi^'^ ^0 ^(^^ ^) e'^' "^'^ (E-19) 

where u is the compensating element from the stabilizer U{3) of the SO{6)/U{3) coset. 
Let us write u = ujsu{3)^u{i), where ujsu(3) belongs to 5f/(3) C f/(3) and therefore also to 
50(7), and uju(i) = e^-^« G f/(l) C f/(3) does not belong to 50(7). Then uju(i)e^' e^^^^ = 
e'fi^e''^^^uju(i) = e(^+3'')^(e-3'^^e^^Q^e3'^^)e'^^, where, as before, U = Kq - 3e e 50(7) 
belongs to the stabilizer of the 5'0(8)/5'0(7) coset. We denote 

If' = ip + 3u, (E.20) 

v'^Q^ = e-^'^'vxQ^e^''', (E.21) 

then we may write 

g' = gosPimiw', e') e^'^ e< e'^^ usui3). (E.22) 

The key property to observe is that, since z/ is a function of w, w, 6, the variations of all 
fields involve only the fields w, w and 9, v (we have included v here, since the variation of 
f is 5f ~ z/t"), but not ip. In order to see why this is important we write down the IID 
metric in the Kaluza-Klein form (in the presence of fermions): 

ds^ = dslQij + V{dif-A^^^y, (E.23) 

where V is the dilaton. Since the variations of all the fields do not depend on (p, the only 
way for ( |E.23| ) to be invariant is for both dip — A^-^'^ and V to be invariant. 
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F. Low-energy limit: integrating out the massive fields 

Usually the low-energy limit implies that we need to get rid in one or another way of all 
the massive fields in the theory. As explained in Section in the present model finding the 
low-energy limit is a rather subtle endeavour. This is due to the fact, that the Lagrangian 
contains terms of various dimensions. Here by dimension we always mean the simple 
canonical dimension, which in turn is determined by the behaviour of the propagator of 
a given field: all scalar fields have dimension and fermions have dimension 1/2, the 
derivative being clearly of dimension one. Let us make it clear that so far we have only 

fixed the conformal gauge 7+_ = 7 ^ = 1 and set to zero the massive 9 fermions. Thus, 

we should keep in mind that we have the v-fermions, some of which are redundant and are 
subject to the additional kappa-symmetry transformations and, last but not least, some 
of the bosonic fields in the Lagrangian (there are 10 bosonic fields) are unphysical and are 
subject to the Virasoro constraints. Ultimately we want to express the two gauge artifacts 
z± in terms of the physical fields. Of course, this is best done using the light-cone gauge 
[0, but for our purposes it will be enough to use a shortcut which we will now describe. 
The Virasoro constraints look as follows: 

= V^i = d+z+ -zi + ^(66 + 0102 - X1X2 - ^1^2) + ... (F.l) 
= 1^2 = d-z^ + zi+ + 0102 - X1X2 - ^1^-2) + (F.2) 

The part of the Lagrangian, which contains the z fields, is: 

C, = 2zl + Azid+z+ - Azid^z^+ (F.3) 
+Ad^z^d+z+ + 2i{d^z_ + d+z+){^i^2 + 0i02 - ^"1^2 - XiX2) + 

+4^2:1 (^lV'2 + 6V'l - 0lX2 - 02Xl) + 2iZ2(X2V'l + Xli'2 ' 602 " 60l) 

We remind the reader that the physical fields zx^Z2 are massive, so we may set them to 
zero everywhere, except for the terms written above (since some of these terms have a 
'subcritical' dimension, that is dimension smaller than 2). For this reason we did not 
write out the kinetic terms of the Z\, Z2 fields above (we're going to integrate out the zi, z^ 
fields, in the same fashion as the W and Z bosons can be integrated out in the low-energy 
limit of the Standard Model). 
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Next we plug (9+2-+, (9_2;_ from (FJ-, f^) into ( p.3|) to obtain: 



= 4,22 _^ 2zl+ (F.4) 

+2(660102 - 66X1X2 - 66V'lV'2 - 0102X1X2 - 0102^1^2 + XlX2V'lV'2) 

As an intermediate result, we get the correct masses (2 and 4) for the AdS physical fields 
(this should be compared with the spectrum obtained for the first time in [0). We can 
now easily integrate out the fields zi and Z2'- 

C-z = 3660102 - 266X1X2 - 2601X2^2 - 3602X1^2 " (F.5) 

-602X2^1 - 60iXi^2 - 3601X2^^1 - 2602X1^1 - 

-20i02^lV^2 + 3XlX2^1^2 



Recall that (|1^'.5|) is only the part of the Lagrangian which initially depended on the z 



fields. There's another part, which we would have obtained, had we simply set all the z 
fields to zero and dropped the vertices with higher derivatives. This part looks as follows: 

^0 = 2 ij:^ - jttS^) (d+Wid^Wj + d^w,d+Wj)+ (F.6) 
+«(6 - ^i)9+(6 - A) + ^(01 + Xi)5+(0i + Xi) + 

-i(6 - ^2)5- (6 - V^2) - «(02 + X2)5-(02 + X2) + 

+2 ^'"-^Kf""''' - ^i)(0i + Xi) - 2 -^-^^-^f--^- (6 - V^2)(02 + X2) + 

+3(6601X2 - 6602X1 - 60102^^2 - 6x1X2^^2+ 

+60102^^1 + 6X1X2^^1 + 0lX2V'lV'2 - 02X1^1^2) + 
+5(66X1X2 + 0102V'lV^2) + 6(602XlV^2 + 60lX2V^l)- 
-601X2^^2 + 602X2^1 + 60lXl^2 - ^202XlV'l 

The indices i, j, k in this formula run over the values 1,2,3. As explained in the body of the 
paper, the second and third lines of ( [F.6D determine the kappa-symmetry transformations, 
and it is clear, that the quartic terms in this formula are not invariant under this trans- 
formation (indeed, the only invariant combination is (6 — ^i)(6 ~ ^2)(0i + Xi)(02 + X2))- 
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However, according to the general logic that we have explained, the complete low-energy 
Lagrangian is the sum of (^^) and ( [^'-Gl ): 



- - A) + ^(01 + + Xi) + 

-i{^2 - '02)<9_(6 - ^2) - i{h + X2)d^{(j)2 + X2) + 



(F.7) 



+2 



1+w'f 



(6 - ^2) (02 + X2) + 



+3(^1 - - ^2) (01 + Xl)(02 + X2) 



Thus, the result is invariant under the residual kappa transformations, as it should be. 
Now we can safely set to zero 4 of the 8 fermions to obtain the Lagrangian announced in 



the body of the paper. Note that in order to obtain ( |7.6| ) or ( [7.9|) , one needs to rescale 
the fermions by a factor of 2 (f — )■ 2 f ) and divide the Lagrangian by 4. 



G. Matrices and notations 

Here we explicitly present the matrices, which appeared in the main text. 
AdS F-matrices 

The representation of the four F matrices (which come from the AdS space) used 
throughout the paper is as follows: 



/l \ 

10 
0-10 

yo -ly 

One can observe that for k 



/ l\ 
10 
0-100 

y-1 oy 

1, 2, 3 we have F^ 



/ -A 

« 
i 
-i 



F, 



/ 1 \ 

-1 
-10 

\o 10 y 

ia2 (8) cTfe. Besides, we introduce 



F5 = zFoFiF2F3. Another matrix encountered in the text is 

l\ 



= iTnT 



0-L 2 



0-10 
10 

-10 oy 
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CP 7-matrices 

The seven 7 matrices (which come from the S'^ space) follows: 

7i = J2 ® Ts, 72 = 0-3 (g) Ti, 73 = ® irorir2 

74 = ia2 ® «r2r3, 75 = ia2 ® ror3, 76 = -di (g) Ti, 77 = /2 (g) T3T1, 



The following matrices were also encountered in the text: 

U = diag(-l, -1, -1,3)® 20-2, 
Kq = diag(l, 1, 1, 0) (g) i(J2, 
e = diag(0, 0, 0, 1) (g ia2 

IID F-matrices 

The IID r matrices were used in formula ( p.4D to construct the Wess-Zumino term 
of the M2 brane action. These matrices (which have dimensionality 32) can be built in 
the following way, as tensor products of the AdS and CP gamma-matrices defined above: 

pA _ I ^pap5 ^ a = 0...3; ® 7^ 6 = 1...7 } 
The IID charge-conjugation matrix looks as follows: 



(G.l) 



and has the property 



The "v-fermions" 

The v\Q^ matrix of v-fermions explicitly looks as follows: 



(G.2) 



V = VxQ^ 



t;i7 vi8 

f 27 V2S 



-v*j -^2*8 
vIj vis 



(G.3) 
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where 

vn = ^e-'^ {ilJi+i^2), vis = ^e"'^ {xi + iX2), (G.4) 

On several occasions we used the complex fermion notation X = V^i + ^X\i = "^2 + ^X2; 
^ = ^1 — Tj = ^2 — i<t'2- Besides, in the paper we made use of the gauge (|6.9|), which 
stands for 0i = 02 = ■Ci = ^2 = 0. 
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